Abstract. We derive a plasmon-dressed atom picture for a single dipolar emitter coupled to a metal nanoparticle, in full analogy with cavity quantum electrodynamics and a dressed atom picture of the atom-field interaction. We obtain an anharmonic Jaynes-Cummings ladder where anharmonicity originates from the number of plasmons involved in the coupling process. We discuss the coupled system dynamics in the weak and strong coupling regimes offering a simple understanding of the energy exchange, including radiative and non radiative processes. We define the plasmon Purcell factors for each mode. Finally, we investigate the effect of leakages on the system dynamics. We propose an effective Fano Hamiltonian including plasmon leakages and discuss the link with the quasi-normal mode description.
Introduction
Quantum plasmonics relies on the strong subwavelength mode confinement to control the light matter-interaction at the nanoscale, transposing cavity quantum electrodynamics (cQED) concepts to nano-optics. cQED takes benefit from the long duration of the light-matter interaction in optical microcavities. This has opened the door to important applications including low threshold laser [1] , supercontinuum laser [2] or indistinguishable single photon sources [3] . In the strong coupling regime, the JaynesCummings ladder anharmonicity can lead to photon blockade [4] and the coherence of the hybrid polariton states permits the realization of low power laser [5] . Optical microcavities present extremely high quality factors but at the price of diffraction limited sizes, limiting integration capabilities. It is therefore of strong interest to transpose cQED to nanophotonics and plasmonics [6, 7, 8, 9, 10, 11, 12, 13, 14] . Particular attention has been devoted to the strong coupling regime [15, 16, 17, 18] since it offers the possibility of the control of the dynamics of the light emission, as e.g. photon blockade [19, 20] or coherent control [21, 22] . In addition, in the weak coupling regime, the acceleration of single photon source cadency by coupling to plasmons opens the doors to high operation speed quantum functionnalities beyond the limited bandwidth (high Q) of optical microcavities systems [10, 23, 24, 25] .
In this work, we build an effective Hamiltonian that fully transposes the cQED description to an hybrid plasmon-quantum emitter nanosource. In section 2, we recall the main steps leading to the definition of an effective Hamiltonian [22, 26] . We identify the coupling strength and exemplify considering a quantum emitter coupled to a silver nanoparticle. We discuss the conditions to achieve the strong coupling regime and introduce the atomic states dressed by the LSP modes [27] .
We demonstrate that the hybrid nanosource optical response can be described in full analogy with a cQED representation where localized surface plasmons (LSP) play a role analogous to leaky cavity modes. However, here the coupling strength relies on mode confinement instead of on quality factor. Specifically, the coupled plasmonemitter system behaves like an emitter in a multimodal lossy cavity. It is then possible to determine the structure of the hybrid nanosource in the strong coupling regime. Particularly, we establish the nature of the atomic states dressed by the LSP modes. This offers a powerful tool to understand the emitter-LSP coupling process and of the hybrid systems dynamics. Moreover, it permits to directly transpose cQED engineering to the nanoscale.
We finally investigate the impact of LSP leakage on the effective Hamiltonian structure, notably by discussing the Fano resonance profile that originates from coupling the emitter and LSP discrete states to the free-space continuum.
LSP field quantization and effective model

Dynamics of the coupled system
We represent in Fig. 1 the hybrid system that consists of a dipolar emitter close to a metal nanoparticle (MNP). The dielectric constant of the background medium is ε b . The dipolar quantum emitter is a two-levels system (TLS) with ground and excited states |g and |e of energy ω g and ω e , respectively. The dipole moment of the optical transition is denoted d eg . The decay rate of the excited state is denoted γ 0 = γ 
and we define the intrinsic quantum yield η = γ rad 0 /γ 0 . The MNP is characterized by the dielectric constant ε m (ω) = ε R (ω) + iε I (ω) that can be extracted from tabulated data or modelled with a Drude model. Without loss of generality, we assume a Drude-like behavior ε m (ω) = ε ∞ − ω 2 p /(ω 2 + iΓ p ω) with ε ∞ = 6, ω p = 7.90 eV and Γ p = 51 meV for silver. The Hamiltonian of the coupled system readŝ
ω 0 = ω e − ω g is the transition angular frequency and we introduce the excited state population and raising operators of the emitterσ ee = |e e| andσ eg = |e g|, respectively. In equation (2), the first term refers to the TLS energy and we have phenomelogically introduced the decay rate γ 0 of the excited state. The third term describes the total energy of the electromagnetic field wheref † (r) (f (r)) is the LSP polaritonic vector field operator at the position r associated to the creation (annihilation) of a quantum in the presence of the MNP. The last term describes the emitter-field interaction under the rotating-wave approximation.
The electromagnetic field must be quantized by taking into account the dispersing and absorbing nature of the metal [28, 29, 30] . Within the Langevin type model of ref. [28] , the electric field operator can be written aŝ
where k 0 = ω/c is the wavenumber and G(r, r ′ ) is the Green tensor associated to the electric field response at position r from an excitation localized at r ′ in the medium. In the following, we investigate the optical response of the emitter-MNP coupled system. The wave function of the hybrid system in the interaction picture can be written at time t as |ψ(t) = C e (t)e −iω 0 t |e, ∅ + dr
where |e, ∅ refers to the emitter in its excited state and no LSP mode excited whereas |g, 1 ω (r) refers to the emitter in its ground state and a single excited LSP mode of energy ω. The elementary excitation at position r of a LSP is defined through the action of the bosonic vector field operator on the vacuum state f †
The systems dynamics follows the time-dependent Schrödinger equation
so that the evolution of the probability amplitudes C e (t) and C ω (t) obeys [31, 32] .
Polarization spectrum
Following ref. [31, 32] , we define the near-field spectrum (also called polarization spectrum) that characterizes the light emitted by the atom and reads
We will use this property in the effective model (see section 3). It can also be expressed as a function of the Green tensor by taking the Laplace transform of Eq. (7). For an atom initially in its excited state, one obtains
G uu is the dyadic component along the direction u of the dipolar emitter (
No Markov approximation has been made for the TLS since the plamon field is treated as a quantized cavity mode. Therefore, it applies to both weak and strong coupling limits. Figure 2 presents the polarization spectrum calculated considering an emitter with γ 0 = 15 meV and dipole moment |d eg | = 24 D, at 2 nm from a silver nanoparticle of radius 8 nm, as in Ref. [31, 32] . It presents a split of ∆ω = 144 meV, revealing the strong coupling regime. This strong coupling regime is achieved for a TLS emission matching the resonances of the high-order modes of the LSP. This is possible because of the accumulation of LSP modes in this frequency range [27] .
Effective model
The dynamics of the coupled system deserve attention regarding the excitation of LSP modes of the MNP. The Green tensor G governs this dynamics and contains all the modal informations of the MNP thanks to the Mie expansion 
and
where G n refers to the contribution of the n th plasmon LSP n (dipolar plasmon for n = 1, quadrupolar plasmon for n = 2, etc.) so thatÊ ω,n is the electric field operator associated to the LSP n mode. This leads us to define the bosonic creation operator for a given position of the emitter, satisfying the commutation relation
The excitation of a single plasmon of order n follows
Moreover κ ω,n quantifies the emitter-LSP n coupling and is the key parameter to build the effective model. Truncating the modal decomposition to the number N of modes involves in the coupling process, the interaction Hamiltonian (last term of Eq. 2) expresseŝ Figure 3 . Coupling constant spectra for the six first LSP n modes calculated using Eq. (11) . The emitter is located 2nm from the silver MNP. The lorentzian fits follow eq. (14) .
Moreover, omitting dark electromagnetic modes that are not involved in the emitter-MNP interaction (see ref. [26, 33] for details), the full Hamiltonian (Eq. 2) becomeŝ
To finalize the effective model, we take benefit from the Lorentzian profile for each resonance. We plot on Fig. 3 the coupling constant |κ ω,n | 2 for several modes. We observe an excellent agreement with a Lorentzian profile so that κ ω,n can be written as
ω n and Γ n are the mode resonance frequency and width, respectively. These parameters are deduced from a Lorentzian fit, but analytical expresssions are also available in the near-field regime, revealing the radiative and non radiative contributions to the mode losses rate Γ n (see Appendix B). Finally, the effective Hamiltonian is obtained by integrating over the angular frequency ω in order to establish a set of N discrete modes. To this purpose, we define the n th plasmonic operator
and the wavefunction of the hybrid system takes the form
We explicitely indicate the dependency on the emitter position r d to let clearly appear that the parameters of the effective model are defined for a given position of the atomic system. Since we are considering a single emitter coupled to the MNP, we can safely remove the explicit dependency for clarity in the following. Last, we define the effective Hamiltonian H ef f so that i ∂ t |Ψ ef f (t) =Ĥ ef f |Ψ ef f (t) . Identifying the dynamics of the wavefunctions in the discrete and continuum descriptions, we achieve the matrix representation of the effective Hamiltonian in the basis {|e, ∅ , |g,
where ∆ n = ω n − ω 0 is the detuning of the LSP n resonance from the TLS emission. This effective Hamiltonian provides a very practical representation of the hybrid configuration, presenting a direct analogy with cQED description. g n defines the coupling strength of the emitter to the MNP n th mode. ω n and Γ n are the LSP n frequency and losses rate, respectively. ω n , Γ n and g n depend on the MNP material and its size but the coupling strength g n depends also on the distance to the MNP. These parameters are deduced from a Lorentzian fit of the coupling constant κ ω,n , as presented in Fig. 3 . We plot on Fig. 4 the coupling strength to LSP n (n=1 to 4) modes as a function of the distance. We superimpose the mode losses rate Γ n . We observe that mode losses are governed by Joule losses in the metal ( Γ n ≈ Γ p = 51 meV). For larger particles, the dipolar mode losses would be larger due higher radiative losses. Finally, the coupling strength ( g n ) can overcome the plasmon losses ( Γ n ≈ 51 meV) and TLS losses ( γ 0 = 15 meV) at very short distances. This is at the origin of the strong coupling regime we observe in the polarization spectrum ( Fig. 2) as discussed in detail in §3.1. Note that higher coupling strength can be expected for smaller separation distances. However, we have to keep in mind that for distances below 1 nm, non local effects can occur and the dielectric function presents a k dependence ǫ m (k, ω), not taken into account here, that can screen the coupling strength [34, 35, 36] .
Dressed atom picture
Strong coupling regime
We observed in Fig. 4 that the coupling strength can exceed the LSP losses at very short distances so that we expect strong coupling regime. We therefore consider a dipolar emitter located very close to the particle surface. We choose an emitter-MNP distance of 2 nm. We plot in Fig. 5 the coupling strength as a function of the LSP n mode number. We observe a maximum coupling strength to LSP n modes with n ≈ 3 at this separation distance.
Considering all the 25 LSP modes plus the TLS excited state in the effective Hamiltonian (Eq. 17), we define 26 hybrid modes that are the eigenvectors of H ef f .We denote their complex angular frequency by
where λ m is the eigenvalue of the effective Hamiltonian. 
For a Hamiltonian of the form (17) , one can simply connect them as follows (see also Appendix C) [37] 
where m 0 and m n gives the weight of each mode |e, ∅ or |g, 1 n . The atomic states dressed by LSP modes are depicted in Fig. 6b ). The polarization spectrum is fully explained in the dressed atom picture. Optical transitions from the ground state |g, ∅ to the dressed states |Π n (n = 1, · · · 26) clearly appear in the calculated spectrum. We notably observe the Rabi splitting at Π 2 and Π 5 angular frequency since they present the lowest (apart from Π 1 ) and highest energy, respectively. The contribution of the first dressed state Π 1 is very small because it presents a minor contribution of the atom. This originates from the large detuning between the atomic emission and the LSP 1 resonance. Additionnally, we observe a shoulder in the polarization spectrum near ω ≈ 2.9 eV due to the hybrid mode Π 3 . Indeed, this dressed state mainly results from the hybridization of the atomic excited state to the LSP 3 mode, that is the major contribution to the coupling process (see Fig. 5 ). However, it is worthwile to note that the Rabi splitting results from the accumulation of LSP modes at the TLS emission frequency instead of strong coupling to a particular mode. Finally, the dressed atom picture Fig. 6b ) defines a Jaynes-Cummings ladder fully equivalent to a cQED description. The anharmonicity of the levels of the dressed states results from the numerous plasmons involved in the coupling process.
It is worthwile to note that the strong coupling regime can be achieved at the single molecule level thanks to the cumulative effect of coupling to several LSP modes. Another possibility would be to increase the number N e of emitters coupled to the MNP. Indeed, the effective Hamiltonian presents a structure similar to the one of an atom in a cavity so that we may also expect a Rabi splitting proportional to √ N e . However, in this case, the presence of each emitter induces a set of plasmonic modes. According to the orientation of the dipole moments of the emitters and their positions relative to the nano-particle, this set of modes will overlap in a constructive or destructive way leading to either efficient or blocked population transfers [22] .
Numerical simulations (not shown) indicate that the strong coupling regime is observed in the polarization spectrum for quantum yields ranging from η = 100% (γ 0 = 1.6 µeV) down to η = 5 × 10 −6 (γ 0 = 315 meV), demonstrating the robustness of the configuration but also that the key parameter to obtain strong coupling is the oscillator strength (dipolar moment d eg ) rather than limiting the LSP losses [38] .
The effective model also unravels the dynamics of the strongly coupled system. Indeed, the wavefunction (expression 16) obeys at time t:
with η m = Π L m |ψ(0) = −m 0 if we assume an emitter initially in its excited state and no LSP mode populated. The evolution of the populations follows
, and (23)
for the excited state of the emitter and the n th LSP mode, respectively. Figure 7 presents the populations dynamics. Although strongly damped, a clear Rabi oscillation is visible revealing reversible ultrafast energy transfer with a period T Rabi = 2π/∆ω = 0.03 ps, as expected. The energy transfer between the emitter and the MNP is mainly governed by the LSP 2 and LSP 3 modes, the other being poorly populated, see Fig. 7 . Optimized configurations, such as nanoprism [18] or gap antennas [38] that facilitate the strong coupling regime would permit to improve the efficiency of the energy transfer.
Polarization spectrum
The near-field emission spectrum can be also deduced from from the effective model. Indeed, for an emitter initially in its excited state, we use Eq. (22) to obtain the polarization spectrum (Eq. 8)
If the dressed states are well separated in energy, the near-field spectrum is approximated by a sum of Lorentzians peaked at their resonance energy and with a FWHM γ m . In the present case, some of the dressed states are not sufficiently separated (see Fig. 6a ) so that the exact expression (eq. 25) has to be used but still the effective model gives a clear understanding of the Rabi splitting.
Far-field radiation
The light spectrum at position r d is related to the polarization spectrum by [32] S(r, ω) = 1 2π
describes the electric field scattered at the point r by a dipolar source located at r d so that the far-field spectrum clearly appears as the signal propagating from the hybrid source to the detector position (including both scattering by the MNP and direct free-space propagation). The far-field signal is presented in Fig.  8a ) when scanning the TLS emission frequency ω 0 . We observe again a Rabi splitting of 144 meV for ω 0 = 2.94 eV that is a reminiscence of the strong coupling regime observed in the polarization spectrum. However, the main contribution comes from the bright LSP 1 scattering near ω = 2.79 eV (see also Fig. 8c ). Qualitative understanding of the far-field behaviour can be achieved considering the dipolar LSP 1 mode population. Indeed, we can infer the the total radiated power
and using far-field asymptotic expansion for the Green's tensor, one obtains
where γ rad is the radiative decay rate (at the angular frequency ω) in presence of the MNP, that depends on the dipole moment orientation [39] . For small particle size, the far-field Green's function is peaked at the dipolar LSP 1 frequency and the radiative rate is approximated by
for a radial emitter close to the MNP. Since the far-field emission should be governed by the LSP mode radiation, it is of strong interest to express the far-field spectra as a function of the LSP n population. The dynamics of the coupled system is governed by the effective Hamiltonian (17), i ∂ t |Ψ ef f (t) =Ĥ ef f |Ψ ef f (t) . In particular,
, with (31)
and for an emitter initially in its excited state, the far-field radiated signal can be written as
since the radiative decay rate selects the dipolar emission near ω ≈ ω 1 for small particles. Finally, one can infer that the radiated power is proportional to the LSP 1 population in a rough approximation, P rad ∼ |C 1 (ω)| 2 . We compare in Fig. 8 the far-field emission and the bright dipolar mode population. We obtain very good agreement, justifying that far-field emission is governed by the dipolar LSP 1 mode scattering. We attribute the discrepancy to the fact that P rad describes the scattering in the whole space rather than in a specific direction as S(r, ω). 
Weak coupling regime
Purcell factor and Fermi's golden rule
The emitter and LSP population dynamics obeyṡ
In the weak coupling regime, the population of the plasmon states remain small so that they can be adiabatically eliminated, that isĊ n (t) ≈ 0. We obtaiṅ
i∆ n + Γ n /2 C e (t) , and
where we recognize the Lamb shift and total decay rate
We can define the Purcell factor F n p for each mode such that
where Q n = ω n /Γ n is the LSP n quality factor. Note that inserting the definition of the coupling strength (Eqs. 11 and 14) into the total decay rate (Eq. 37), we recover the Fermi golden rule result [40, 12] γ tot γ 0 = 1 + 2k
where η is the intrinsic quantum yield η = γ rad 0 /γ 0 and k b = n b k 0 . Similarly, if we assume that the Green tensor follows a first order resonance (see e.g. Eq. B.25 in appendix), the Lamb shift (Eq. 36) can be rewritten as
This Lamb shift is generally negligible and will not be considered in the following. We consider in Fig. 9 a typical TLS emitting at λ = 670 nm with τ 0 = 1/γ 0 = 50 ns and presenting an intrinsic quantum yield η = 90%. This corresponds to a dipole transition moment d eg = 3.4 D. The dynamics of the excited state close to the MNP is described in Fig. 9a ). In this weak coupling regime, we observe an exponential decay with a fluorescence lifetime τ = 1.7 ns in agreement with Fermi's golden rule (γ tot /γ 0 = τ 0 /τ = 30 at d=5 nm, see Fig. 9b) .
Actually, the TLS emission is not limited to a single value ω 0 but rather follows a Lorentzian profile. The contribution to the decay rate originating from the coupling to LSP n is therefore
where L(ω) is the free-space normalized emission spectrum of the TLS. This is the analogue to the cQED description. Following the work of van Exter and coworkers [41], we can solve the integration over ω as γ n = 2πg
dω is the convolution product with a normalized Lorentzian profile peaked at −ω n with a FWHM Γ n . The convolution of two normalized Lorentzians is also a normalized Lorentzian and it yields
Even at ambient temperature, γ 0 ≪ Γ n so that expressions (37, 40) remain valid without working at cryogenic temperatures as for cQED. As expected, thanks to the strong subwavelength mode confinement, quantum plasmonics permits to transpose cQED behaviour to ambient temperature [42] .
Leaky modes and Fano profile
For large MNP, the LSP modes can become strongly leaky, deforming the coupling strength spectrum, as shown in Fig. 10 . Indeed, dipolar plasmon LSP 1 becomes strongly radiative so that |κ 1 | 2 does not follow a Lorentzian profile anymore [12] ). Therefore, one has to take into account the leaky continuum in the coupling process. In this case, the TLS and the LSP couple to the free space mode, leading to Fano states. In analogy to the work of Knight et al [43] , we construct a modified effective Hamiltonian of the form Figure 10 . Coupling constant spectra to LSP n modes calculated using Eq. (11). The silver particle radius is 50 nm and the emitter is located 5nm from its surface. The right frame is a enlargement for n = 1 showing the asymmetry.
(see also Appendix D)
where α n is the ratio between the coupling rate to the quasi-continuum and to the discrete LSP n state (given by g n ). q F,n = 2/α n is the Fano parameter for the n th mode. We recover the exact discrete form (Eq. 17) in the limit α n → 0 corresponding to a negligible coupling to the quasi-continuum.
The LSP n and TLS population dynamics obeyṡ
Here again, we consider adiabatic elimination in the weak coupling regime. The population dynamics follows theṅ
, and
where We can again express the total decay rate such that
γ n refers to the decay rate into LSP n . The Fano shape of the decay rate (Eq. 51) is equivalent (at the first order in α n ) to the one obtained by Sauvan and coworkers [44] considering a fully classical treatment of the atom-leaky mode coupling. They generalized the effective volume of the mode by defining a complex mode volume V n such that the Fano parameter obeys 2/q F,n = α n = Im( V n )/Re( V n ), that characterizes the TLS coupling branch ratio to the leaky (quasi-continuum) and the discrete contribution to LSP n modes. Specifically, they use quasi-normal mode (QNM) analysis that accurately describes the mode leakage [45, 46] . Since QNM corresponds to the pole of the Green's tensor, the two approaches are fully equivalent, making a bridge between cQED and classical approaches in the weak coupling regime.
Assuming that the decay rate still obeys to the classical Fermi golden rule (Eq. 40), we plot in Fig. 11 the decay rate to LSP 1 for a large (leaky) silver nanoparticle. We observe a Fano behaviour in agreement with expression (51).
Conclusion
We have built effective Hamiltonians describing the emitter-MNP interaction extending the cQED approach to quantum plasmonics. Because the effective Hamitonian of the hybrid nanosource is time independent, we can introduce true energy levels (so called dressed states) and discuss the effect of atom-plasmon interaction on the wavefunction of the coupled system. We also discussed the link between near-field and far field spectra with the population of the emitter and radiative dipolar plasmon, respectively. Moreover, with quantized plasmon field, we can clearly identify the elementary process of spontaneous emission and we define a Purcell factor for each LSP. This formalism is also of key interest for the investigation of other elementary processes such as stimulated emission in plasmon laser (SPASER) [47] . We also expect deeper understanding of important physical phenomena such as photon correlations. For larger particles, we observe a Fano profile, fully explained considering a modified effective Hamiltonian, inspired from cQED considerations. Finally, we stress that our formalism directly transposes cQED concepts to the nanoscale and constitutes therefore a powerful tool to propose and design ultrafast nanophotonics devices, taking benefit of the mode subwavelength confinement.
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Appendix A. Spherical particle -Mie expansion of the Green dyad
The Green dyad associated to the spherical particle is expressed using Mie expansion [48, 32] 
mn (r 0 ) The spherical vector wave function expression can be found in ref. [32] . The Mie coefficients write
j n and h (1) n are the spherical Bessel and Hankel function. ψ n (z) = zj n (z), ζ n (z) = zh
(1) n the Ricatti-Bessel functions.
Appendix B. Near-field coupling rate in the quasi-static approximation
In the following, we consider a dipolar emitter with radial orientation since it corresponds to the most efficient coupling. Then, we get
We assume that the sphere radius is very small compared to the wavelength, i-e k b R << 1, |k m R| << 1. Then, the Mie coefficient B n can be approximated to (with
where we have used the limiting values [49] 
Finally, the Mie coefficient depends on the quasi-static polarisability for small particle size. Indeed, in the quasi-static regime, the optical response of the particle can be described using a multipolar expansion. If the particle excited with an incident field E 0 , the n th multipole tensor moment is given by
So that the approximate form of the Mie coefficient (Eq. B.6) can be rewritten as
Appendix B.1.1. Resonance profile For the sake of clarity, we assume that the surrounding medium is air, ǫ b = 1 (see ref. [50] for ǫ b = 1). Considering a Drude metal
the n th resonance occurs for ǫ m (ω n ) = − n n+1 ǫ b that is for ω n = ω p n 2n + 1) (B.12) so that the n th polarisability becomes
(B.14)
we now use nω 2 p = (2n + 1)ω 2 n to write
Finally, near a resonance, ω ≈ ω n ; we obtain
Thus |α n | 2 follows a Lorentzian profile peaked on the n th resonance ω n and with a full-width at half maximum (FWHM) Γ p associated to Joule losses in the metal. Appendix B.1.2. Radiative losses In the previous section, only Joule losses appear although radiative losses are expected, at least for the dipolar (n=1) mode. This difficulty comes from the approximation that the electric field (or its n th order gradient for the next modes ) is assumed constant over the particle size. Taking into account the variation of the electric field over the particle (or, more easily, applying the optical theorem to ensure the energy conservation), it is possible to show that the above expressions are improved using the effective polarisabilities [51, 50] 
that behave near a resonance as
where Γ n is the total decay rate of the n th mode, that includes both ohmic losses and radiative scattering. As expected, for a given mode n, the radiative scattering rate Γ rad n ∝ R 2n+1 increases with the particle size since it couples more efficiently to the far-field.
Appendix B.1.3. Near-field coupling rate Finally, we assume a dipolar emitter close to the MNP surface. We use the approximate expressions of the Hankel function (Eq. B.6), the Mie coefficient (Eq. B.10) and the quasi-static polarisabilities (Eq. B.20) to express the radial component of the the Green tensor (Eq. B.1)
so that the near-field coupling rate to LSP n (Eq. 11) is approximated by
Identification with Eq. (14) leads to the following expression for the coupling strength
Finally, from Eq. (B.21), we obtain that the Green tensor follows a first order resonance
Appendix C. Biorthogonal basis of eigenvectors
The aim is to construct the dual basis or left eigenvectors of a non-hermitian Hamiltonian H defined by
from the right eigenvectors
We show below that these two sets of vectors satisfy the bi-orthogonality relation
for which the right eigenvectors are on the column
The dual basis can be defined from the matrix T R as
where the left eigenvectors are on the row of the matrix
According to the relation C.6, the bi-orthogonality relation C.3 is automatically satisfied since
We consider now the particular case where the Hamiltonian takes the form
One can define a symmetric Hamiltonian from the unitary transformation
where S is a diagonal matrix of the form We present in Fig. D1 the decay rate and the Fano fit with expression (D.3). The Purcell factor is no more a fitting parameter but is straightforwadly obtained as 
